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Variance & Covariance



Variance

Variance is a widely used summary statistic:
Var(X) = E|[(X — E[X])?

where E[_] denotes the expected value (e.g., arithmetic average).
Variance is the “expected squared deviation from the mean”.

Estimate the variance from a data sample (“two pass algorithm”):

1. compute x = % X

2. compute Var(X) = ﬁ Si(xi — px)?*  (or with normalization factor %)

From this we can, e.g., compute the standard deviation ox := /Var(X).
This is the most common measure of spread.



Covariance

Covariance is similar, but for two variables:
Cov(X, Y) = E[(X —E[X])(Y — E[Y])}

In particular, we have Cov(X, X) = Var(X).

Used for example in:

P Pearson correlation:
_ Cov(X,Y) _ Cov(X,Y)
- WNVar(X) - Var(Y)  ox oy

» Principal Component Analysis (PCA): decomposition of the covariance matrix

PX,Y

» Gaussian Mixture Modeling (“EM Clustering”) uses weighted (co-)variance



Variance

In most statistics textbooks, we will find this “textbook algorithm”:

Var(X) = E[(X - E[X])Z} = E[X*] — E[X]?

This is:
» mathematically correct (proven, c.f. Konig-Huygens formula, Steiner translation)

> attractive (just one pass over the data, aggregate >_ x;, >_ x%, N)

(M



Variance

In most statistics textbooks, we will find this “textbook algorithm”:

Var(X) = E[(X - E[X])Z} = E[X*] — E[X]?

This is:
» mathematically correct (proven, c.f. Konig-Huygens formula, Steiner translation)

> attractive (just one pass over the data, aggregate >_ x;, >_ x%, N)

» numerically problematic with floating point computations

» Use Equation (1) only analytically, not with floating point data.

(M



Catastrophic Cancellation

For illustration, assume floating points with four digits of precision:
E[X?] 0[.]1]2/3|4]3|7|4 0].]1]2|3|4|3|7|6|2
—E[X]? - |o|.lololo[1]2[3[4] - [of.[1]2[3[a]1]5]2]
= Var(X) - [o]. [1213[3[1]4]0] ~ - lo.]olo[o]o[olololo]




Catastrophic Cancellation

For illustration, assume floating points with four digits of precision:

E[X?] 0|.[1]2]34]3|7]4 0|.[1]2]34]3|7]6]2
— E[X]? - |0].]o]olo[1|2|3|4] - |o]|.[1|2|3]4|1|5|2|1
= Var(X) = o].[1]2[3[3[1]4]o] - [o].]olololo]o]ololo]

» If Var(X) > E[X]?, precision is good. But as E[X]? >> 0, we lose numerical precision.

» We can first center our data, E[X] = 0: then Var(X) = E[(X — E[X])?)] = E[X?]

E[X]=0

But then we need two passes over the data set. For large data, this will be 2x slower.

» Algorithms for computing variance in a single-pass over the data set.

E.g., Welford [Wel62], Neely [Nee66], Rodden [Rod67], Van Reeken [Van68], Youngs and
Cramer [YC71], Ling [Lin74], Hanson [Han75], Cotton [Cot75], West [Wes79], Chan and
Lewis [CL79], Donald Knuth in TAoCP Il [Knu81], Chan et al. [CGL82; CGL83], ...



Solved Problem?

Already solved since the 70s?

» Incremental (add one sample) variants of variance mostly

» Still broken (or slow) in many SQL databases & toolkits!

Let us build a small unit test with two values, [t — 1, 1 + 1] and the mean u:

Var(X)=ﬁ((u—l—u)2+(u+l—,u)2)=Zfll(—12+12)=2

Easy with = 0, but we will use ;2 = 100 000 000; and thus p? = 1016
Double precision: about 16 decimal digits (52+1 bit mantissa).
Single precision: about 6 decimal digits (23+1 bit mantissa).

» this breaks way too early for many use cases!



Solved Problem?

Already solved since the 70s?

» Incremental (add one sample) variants of variance mostly

» Still broken (or slow) in many SQL databases & toolkits!

PostgreSQL 9.6:

SELECT VAR_SAMP (x::float8), COVAR_SAMP(x,x)
FROM (SELECT 99999999 AS x UNION SELECT 100000001 AS x) AS x

0X 0X



Solved Problem?

Already solved since the 70s?

» Incremental (add one sample) variants of variance mostly

» Still broken (or slow) in many SQL databases & toolkits!

MySQL 5.6:

SELECT VAR_SAMP (X)
FROM (SELECT 99999999 AS X UNION SELECT 100000001 AS X) AS X

2V no covariance function?

MySQL is one of the few databases that implements a numerically stable approach.



Solved Problem?

Already solved since the 70s?

» Incremental (add one sample) variants of variance mostly

» Still broken (or slow) in many SQL databases & toolkits!

MS SQL Server 2017:

SELECT VAR(x)
FROM (SELECT 99999999 AS x UNION SELECT 100000001 AS x) AS x;

0X no covariance function?



Solved Problem?

Already solved since the 70s?

» Incremental (add one sample) variants of variance mostly

» Still broken (or slow) in many SQL databases & toolkits!

HyPer 0.6:

SELECT VAR_SAMP(x) FROM
(SELECT 99999999::REAL AS x UNION SELECT 100000001

0X no covariance function?

::REAL AS x)



Contributions

In this paper, we revisit the 1970s results, and contribute:

» numerically stable
> weighted
> parallelizable

» (co-)variance



Contributions

In this paper, we revisit the 1970s results, and contribute:

» numerically stable > based on the 1970s methods
> weighted » but with arbitrary weighting
> parallelizable > enabling partitioned computation (AVX, ...)

» (co-)variance » for covariance and variance



Weighted Incremental (Co-)Variance




Generalized Form

To derive the general form, we first

1. remove the scaling factor ﬁ (resp. %) for now (simplification!)
2. partition the data into parts A and B

3. add weights w; to each observation (use Q4 = > ;c 4 w;)
then we get for any partition A and variables X, Y:
Xa = Q% ZieA WiXi } weighted
Va = QLA ZiEA Wiy means
Cov(X, Y)a x XYa ZieA wi(x; — Xa)(yi — Ya)

We can get the usual covariance with w; = 1 and Cov(X, Y) = ﬁXY



Generalized Form

Using a variant of Kénig-Huygens and some algebra (see the paper for details),

we get the equations to merge two partitions A and B:

QA + QB
all differences at

~ 1 ~ ~ ..
XAB = o (Qaxa + QBxB) data precision v/

Qup

VB = 5.=(Qaya + Q5Ys)
XYap= XYa + XYp + QﬁzB (xa — xp) (¥4 — ¥B)

Benefits of this form:
» a partition P can be summarized to a few values: Qp, Xp, yp, XYp
> two partition summaries can be combined into one
> we can partition our data using AVX, GPU, clusters, ...

Note: for |B|] = 1 and w; = 1, this gives the “online” equations known from literature:

XYpp=XYa+0+ \f|\|+|1 (xa — xp) (Y4 — ¥b)



Example: AVX Parallelization of Variance

Advanced Vector Extensions (AVX) are modern vector instructions that perform the

same instruction on 4-8 doubles (8-16 single-precision floats) in parallel.

Input data | | | | || | | | || | | | |

AVX register

Partiton suns_—Z ZEEREES qyared deviations

AVX accumulators | | | | | | | | | |
\ A / \ aggregation

Reduction IZI IZI IZI IZI

N N

Output SO(X — E[X])?

Because the final reduction cost is negligible for larger data sets,

needs weighted

our parallel AVX versions are ~ 4 x faster than the comparable non-parallel versions.

On GPUs, we could do this 1000x parallel (but beware other GPU precision challenges)!



Experiments




Numeric Precision of Variance

Numeric precision of different (unweighted) variance algorithms:

Error / Mean
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Performance and Accuracy of Variance

Excerpt of results (see article for many more variants) on 100.000.000 synthetic doubles:

Method Variant Runtime (s) Precision (decimal digits)
Variance Min  Mean Median Max | Best Mean Median Worst
Textbook double | 168.85 168.97 168.93 169.22 | 12.848 4.086 6.150 -11.153

Welford / Knuth  double |929.17 929.97  929.93 931.18 | 13.224  7.441 8.787 -0.963
Youngs & Cramer double |212.20 212.53 21249 213.31|12.840 8.284 9.588  0.454
Welford / Knuth  AVXx4 | 5093 51.47 51.22 5283 |14.041 8892 11.306 -0.547
Youngs & Cramer AVXx4 | 49.82 52.88 5298 54.85|14.353 9.524 10.600  0.805
Two-pass double |336.78 337.02 336.93 337.38| 14.135 10.168  12.383 1.045
Two-pass AVXx4 | 91.04 92.17 91.74 95.31]14.239 11907 13.595 1.108
Two-pass (Neely) double |337.15 337.41 337.32 338.08 | 14.135 12.372  12.485 10.042
Two-pass (Neely) AVXx4 | 89.07 90.47 89.75 9590 14.375 13.240  13.591 10.707

Textbook: E[X?] — E[X]% Two-Pass: E[X — E[X]]; Welford: [Wel62]; Knuth: [Knu81];
Youngs-Cramer: [YC71];  Neely’s two-pass improvement [Nee66] > Pipelining



Example: Gaussian Mixture Modeling

Comparing different EM clustering implementations:
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Example: Gaussian Mixture Modeling

Comparing different EM clustering implementations:

Average Runtime [s]
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Example: Exponentially Weighted Moving Variance

Improving time series analysis with weighted moving standard deviation:
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Example: Exponentially Weighted Moving Correlation

Weighted moving correlation of tickers (covariance normalized by standard deviation):
1.0
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» We can compute weighted (co-)variance accurately

in parallel, on partitions, and distributed

» Numerical precision matters:
do not compute E[X?] — E[X]* with floats

» Even basic statistics can be tricky to compute reliably

» Test your tools — do not blindly trust tools
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Pipelining Effects

West / Welford / Knuth: These methods use one multiplication less, but is slower

Youngs & Cramer: This method uses one multiplication more, but is faster

""""""
'r
West [Wes79] Youngs and Cramer [YC71]

Runtime difference can be explained by CPU pipelining (and slow divisions):

Q Independent of division O Depends on division result

With our AVX code, we compute the division only once, broadcast it,
and use it via AVX multiplication, which allows better pipelining. « Pipelining
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